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Summary of the correction. We thank Hengjia Wei for pointing out that, in the proof of
Theorem 4.7 of the original paper [GXYZ24], the first inequality in each of the last two displays in
Case 3 is invalid. More precisely, the inequality

dim | (V/ | <dim | (V4
1€Q 1€€2

need not hold, since intersections of subspaces may increase in dimension under a linear projection.
In this erratum, we provide a new proof showing that Theorem 4.7 of [GXYZ24], and its
applications, remain valid under the additional assumption

q>m—1.

The new proof also allows us to simplify the definition of s-admissibility: all the subspaces V;
may now be taken to be subspaces of

spanFq{Zl, cos Dt

The more general formulation in which their elements may be nonlinear polynomials is no longer
needed.

We also give a new direct proof of Proposition 5.1, removing its dependence on Theorem 4.7.
Consequently, the generic-intersection formula and the equivalence results in Sections 5 and 6
remain valid over every finite field.

As a consequence of the additional assumption ¢ > m — 1 in Theorem 4.7, Theorems 1.17
and 1.18 of [GXYZ24] require ¢ > k — 1, while Theorem 1.3 and Corollary 1.4 require ¢ > n—k—1.
In addition, the main positive result of the follow-up paper [GXYZ25], stated as Theorem 4 and
proved in its detailed form as Theorem 23, requires the assumption ¢ > n — k — 1.

1 Updated Formulations

Define
L:= spanFq{Zl, oy Zyt and F:=TF.(Zy,...,2,).

Definition 1.1 (s-admissibility, updated). A tuple (V;);c[, of Fy-subspaces of £ is called s-
admissible if .
dimp, <Z Vl> <s.
i=1
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For integers k > m > 1 and s > 0, let Vi, s be the set of tuples S = ((Vi,7:))ic[m) such that
(Vi)ieim) is s-admissible, r; € N*, dim(V;) +r; < k for i € [m], and Y7, r; = k.

For & = ((Vi,7i))ieim] € Vim,s» set
k—dim(V;)—r;

fi(X) =[] (X —a)

acV;

(1)

Thus f; is a monic ¢-linearized polynomial of g-degree k — r;. Define Mg € FF** by taking, for
each i, the coefficient vectors of

1

Fi(X), fi(X)9, o fa(X)
as the r; rows of the i-th block of Mg, exactly as in Definition 4.5 of the original paper [GXYZ24].

Theorem 1.2 (Theorem 4.7 of [GXYZ24], restated). Let S = ((V;,7:))icim] € Vi,m,s and assume
g >m — 1. Then det(Ms) # 0 if and only if, for every nonempty  C [m],

dim (ﬂ VZ) + ZT" < I?E%X{dim(vi) + i} (2)

ieQ i€Q
We use the following elementary lemma.

Lemma 1.3 (A hyperplane avoiding finitely many subspaces). Let E be a finite-dimensional vector
space over Fy, and let U, Vi,...,V; C E be subspaces such that V; L U for every i € [t]. If ¢ > t,
then there exists a hyperplane H C E such that

UCH and Vi< H for everyi € [t].

Proof. If U is already a hyperplane, take H = U. Otherwise, let E = E/U and let V; be the image
of V; in E. Each V; is nonzero, so its annihilator Vj' is a proper subspace of E . These ¢t proper

subspaces cannot cover I . Indeed, writing d = dim E” and counting the zero functional only once,

t
Uve

i=1

<1+t =1)<¢?—qg+1<s

Choose ¢ € E" outside this union, and let H be the preimage of ker ¢ under the quotient map
E — E. Then H is a hyperplane containing U, and 90|Vi # 0 implies V; € H for every i € [t]. O

2 Corrected Proof of Theorem 1.2

We will use the following characterization, which is Lemma 4.8 of the original paper [GXYZ24]:

det(Ms) = 0 <= there are g-linearized g;, not all zero, such that
degq(gi) <r; — 1 for all 7 and Zgi of;=0. (3)

Proof of Theorem 1.2. The “only if” direction is unchanged. We prove the converse by induction
on (k,m,s) in lexicographic order. The cases m = 1 and s = 0 are immediate, exactly as in the
original proof. Assume henceforth that & > m > 2, s > 1, and that (2) holds.



Case 1. Suppose that there is 1 C [m] with 2 < |Q;] < m — 1 such that

dim ( ﬂ V;) + Z T = gx&z&c{dim(%) + 7} (4)

€M S

Set

Vo= Vi ro= Y i Q= {0} U ([m] \ Q).

1€ 1€
Choose a complement U of V) in £ and put V/ :=V; NU for i € Qy. Then V; = Vp @ V;. Define

Su= ((Vrieas,  Spi= ((Vior)ieas,

where the pair indexed by 0 is (Vp, rg). The same dimension calculations as in the original Case 1
show that &1 € V, |q,|,s and S2 € Vi |q,| s and that both tuples satisfy (2). Since 79 < k and
|| < m, induction gives

det(Ms,) #0,  det(Ms,) # 0. (5)

Let

fo(X) := H (X — a)qk—dim(VO)_ro‘

aeVy

For i € Qq, put

ti =T0— dlm(V,L/) —T; and f,L*(X) = H (X — ")/)qti.
yE€fo(V))
Then deg,(f;) =10 — r; and
fi=[i o fo. (6)
Although the spaces fo(V/) need not consist of linear forms, no enlarged notion of admissibility is
required. Indeed, choose bases Y7,...,Y} of Vj and Xy,..., X,,_, of U. The assignment

Y, — Yo, Xy — fo(Xp)

defines an injective endomorphism 7 of F. To see injectivity, note that fo(Xp) is monic in X with

leading term ngiro and coefficients in Fy[Y7,. .., Y3]; distinct leading monomials therefore remain
distinct under the assignment. Since fy is g-linearized, 7(5) = fo(B) for every g € U.
Let S§ := ((fo(VY),74))ieq,, with the same matrix definition as above. Applying 7 coefficientwise
gives
MST = T(Mgl), det(Msf) = T(det(Mgl)) #0

by (5) and injectivity of 7.
Now suppose that > g; o fi = 0 with deg,(g;) < 7; — 1. Define

go:= Y giofi.

1€

By deg,(f;') = ro — ri, we have deg,(go) < ro — 1. Using (6),

goofo+ > giofi=0.
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The nonsingularity of Ms, and (3) imply that go = 0 and g; = 0 for i ¢ Q1. Then > ,cq gio f =0,
and the nonsingularity of Mg implies g; = 0 for all ¢ € {2;. Thus Mg is nonsingular.

Case 2. Assume that for every Q C [m] with 2 < |Q] <m —1,

1€Q

dim (ﬂ V) +> < rzne%zx{dim(vi) +rd—1. (7)
1€Q

This single case replaces Cases 2 and 3 of the original proof.

Let £ :=371"V; and d := dim(FE). The spaces V; are pairwise distinct: if V; =V}, then (2) for

Q = {i,j} would give
dim(V;) + r; +r; < dim(V;) + max{r;, r;},
a contradiction.

After relabeling the subspaces if necessary, assume that dim(V;,) = min;ef,,) dim(V;). By min-
imality, V; € Vi, for every ¢ < m. Since ¢ > m — 1, Lemma 1.3 yields a hyperplane H C E such
that

VnwCH and V,; € H fori<m.

Choose a basis X1,...,Xg_1 of H and extend it by X to a basis of E. Put
V! :=V,NnH.

Then V! = V,,, while dim(V}) = dim(V;) — 1 for ¢ < m. For each i < m, after scaling a vector
outside H, we may write

Vi = V/ @ spang_{ Xy + v;} for some v; € H. (8)
Set k' :=k — 1. If r,,, > 1, define

rg :=r; for i < m, roi= Tm — 1, S = ((V;‘/ﬂ”;))ie[m]-

Every quantity dim(V}) 4+ r} equals dim(V;) +r; — 1. For 2 < |Q] <m — 1, (7) gives

dim (ﬂ V{) +>_ri < max{dim(Vy) + ri}.

1€Q 1€Q

For © = [m], the same conclusion follows from (2) after subtracting one from both }; r; = k and
the maximum. Thus S’ € Vi ,,, s—1 satisfies (2).
If r,, = 1, instead define

S = ((Vi,74))icim—1)-

Here Y, .., 7 = k’. For every Q C [m — 1] with || > 2, (7) gives (2) for &', while singleton sets
are automatic. Hence &’ € Vi ,—1,5—1 satisfies (2). In either subcase, induction gives

det(MS/) 75 0. (9)

It remains to derive a contradiction from a hypothetical relation in (3). Extend Xi,..., Xy to

a basis of £ and regard T := X, as an indeterminate over

K :=Fy(X1,..., X4_1, Xap1, -, Xn).



For ¢ < m, write

a; :=k — dim(V;) — ry.

By (8), every element of V; can be written uniquely as o + A\(T + v;) with o € V/ and X € F,.

Therefore,

) =TT TI (X —a—- AT +w)™

acV/ AeFq

= I (X - )7 = (X —a)(@ + )7 )"
acV/

=TI ((X — @)™ — (X — )¢ (T + v)la= V0"
acV/

Here the second equality uses
[[TY-x2)=yi-yzi
AEF,

(10)

Viewing f; as a polynomial in T with coefficients in K[X], each factor in (10) has T-degree (g—1)g¢®

and leading coefficient —(X — ). Since

“/;/‘ _ qdim(Vi)—l

)

we obtain
degr(fi) = [V{l(g = g™ = (¢ = 1)g* " .
Moreover, if lep(f;) denotes the leading coefficient of f; with respect to 7', then
ler(fi) = (-D)" T (X =)™
acV/
= Aihi(X),

ha(X) = T (X —a) ™07 2 T (- a)e™.

acV/ aeV!

k3

Thus h; is exactly the polynomial corresponding to (V;,r;) in the smaller instance S’.
If rp, > 1, let h,, be the polynomial associated with (V,,r},) in &’; then hy, = fin
set h,, := f,, for notational convenience. In either case h,, is independent of T'.

Suppose that
m
Zgi ofi=0, deg,(gi) <7 —1,
i=1

with the g; not all zero. Write

r;—1 )
9i(X) =Y cj(1)XY,  c;(T) € K(T).
=0

(11)

dfry, =1,

After multiplying the relation by a common nonzero denominator, we may assume that ¢; ;(1') €

K|[T)] for all i, j. For i < m, set

§; == degp(fi) = (¢ — 1)g" "1,



and set d,, := 0. Then A ‘
degy (fi(X)") = ¢’ 0.

For every pair (7,7) with ¢; ; # 0, define
D;j = degp(cij) + ',
and let

D = - max Di,j-
i,J: ¢, ;70

For i < m, let \; be as in (11), and set A, := 1. Define

e {ICT(Cz‘,j)Agjv if ¢;j # 0 and Dy; = D,
ij =

0, otherwise.
and
7"171 .
— J
9:i(X) = Z Vi g X
j=0
Since

ler (Fi(X)7) = AT hi(X)?,
taking the coefficient of TP in 3, g; o f; = 0 gives

S g 0hi=0. (12)

At least one 7; ; is nonzero by the definition of D, so the polynomials g; are not all zero. Moreover,
deg,(g;) <mi—1 for every i € [m].

For © < m,
degq(hi) =K —ri=k—-1—r,

SO
degq(gi o hl) <k-2. (13)

If r,, > 1, then
deg,(hm) =K — 1), =k —rp.

Consequently, if deg,(g,,) = rm — 1, the term g,, o hy, has g-degree k — 1, contradicting (12) and
(13). Hence
deg,(Gp) <rm—2=r1y, — 1.

Thus (12) is a nontrivial relation of the form forbidden by (9).

If r,, = 1, then a nonzero g,, o f,, would have g-degree k — 1, whereas all other terms have
g-degree at most k — 2. Therefore §,, = 0, and (12) restricts to a nontrivial relation for the tuple
indexed by [m — 1], again contradicting (9).

This completes the induction and the proof. ]



3 A New Direct Proof of Proposition 5.1

Proposition 5.1 of [GXYZ24], which states that a generic linear code attains every generic kernel
pattern, remains valid over every finite field. Its proof should be replaced by the following direct
argument.

Proposition 3.1 (Proposition 5.1 of [GXYZ24], unchanged). Let W = (Zup)aci)pein be the
generic k X n matrix over
K :=Fy(Zap : a € [k],b e [n]).

Then the [n,k]x code generated by W attains every generic kernel pattern. Consequently, it is
GKP(?) for every ¢ > 1.

Proof. Let (Vi,..., V) be a generic kernel pattern. As in the original proof, the vector-space Hall
theorem allows us to enlarge the V; while preserving genericity, so we may assume

dim(V;) =k—1  forie [k].
Set E :=TFj and U; := Vit so dim(U;) = n — k + 1. For fixed i, let
i B — EJU;
be the quotient map. For every Q C [k] \ {i},

dim (Z Wi(Uj)) = dim (UZ + Z Uj) — dim(Uj;)

JEQ JEQ

:k—l—dim( N Vj)
jeQuU{i}

> |. (14)

The last inequality is precisely the generic-kernel-pattern condition. Hence, by the vector-space
Hall theorem, for each fixed 7 one can choose a vector from every Uj;, j # ¢, whose images under 7;
are linearly independent.

Choose a basis (bj,q)q of each Uj, introduce algebraically independent variables T} ,, and let

uj = ZTj,abj,a € U; @, Ko, Ko :=Fy(Tja: j,a).
a

For fixed i, the determinant expressing the linear independence of (;(u;)) - is a nonzero poly-
nomial by (14). The product of these k determinant polynomials is therefore nonzero. Thus, over
Ky, the generic choices uq, ..., u, simultaneously satisfy

spang, {u; : j # i} N (U; ®r, Ko) = {0} for i € [k]. (15)

Let B € K(]f *™ be the matrix whose i-th row is u;. The matrix B has full row rank: indeed, each
u; is nonzero and lies in U;, while (15) implies that the span of the other rows meets U; trivially,
and hence w; is not in that span.

For each i, choose A; € ng(kfl) with column space V;. Since u; € Vﬁ, the i-th row of BA; is
zero. On the other hand, deleting this row gives an invertible (k — 1) x (k — 1) matrix: a linear
dependence among the remaining rows after restriction to V; would give a nonzero vector in

spang, {u; : j # i} N (Ui ®r, Ko),
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contrary to (15).
For the generic matrix W, define a row vector m;(W) by the signed maximal minors of W A;:

(my(W))y == (1) det(WAi);), e[k,
where (W A;)~ denotes the matrix obtained by deleting row r. The cofactor identity gives
mZ(W)WAZ =0.

Let M(W) be the k x k matrix whose i-th row is m;(W). At the specialization W = B, the
preceding paragraph shows that

m;(B) = ¢e; for some ¢; € K.

Therefore

k
det M(B) =[] ¢ #0.
=1

It follows that det M (W) is a nonzero polynomial, so M (W) is invertible over K and the code
generated by W attains (Vi,..., V). The generic code is also MRD, as established independently
in Section 2 of the original paper. This proves the proposition. ]

Consequently, in [GXYZ24], Proposition 5.1 and all results derived from it remain valid without
any restriction on ¢. In particular, Theorem 1.16, Theorem 1.13, Theorem 1.14, Corollary 1.15,
and all intermediate results in Sections 5 and 6 are unchanged.
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