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Gabidulin Codes Achieve List Decoding Capacity
with an Order-Optimal Column-To-Row Ratio
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——— Abstract

In this paper, we show that random Gabidulin codes of block length n and rate R achieve the

(average-radius) list decoding capacity of radius 1 — R — ¢ in the rank metric with an order-optimal
column-to-row ratio of O(g). This extends the recent work of Guo, Xing, Yuan, and Zhang (FOCS
2024), improving their column-to-row ratio from O(%) to O(e). For completeness, we also establish
a matching lower bound on the column-to-row ratio for capacity-achieving Gabidulin codes in the
rank metric.

Our proof techniques build on the work of Guo and Zhang (FOCS 2023), who showed that
randomly punctured Reed—Solomon codes over fields of quadratic size attain the generalized Singleton
bound of Shangguan and Tamo (STOC 2020) in the Hamming metric. The proof of our lower bound

follows the method of Alrabiah, Guruswami, and Li (SODA 2024) for codes in the Hamming metric.
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1 Introduction

Introduced by Delsarte [5], rank-metric codes have since developed into a field of study with
applications and connections spanning network coding [16, 26, 17, 25], space-time coding
[21, 20], cryptography [10, 9, 18, 19], and pseudorandomness [7, 6, 15, 14, 11].

A rank-metric code is a collection of matrices in IF;”X” with m > n, where the distance
between two matrices A and B is defined to be their rank distance rank(A— B). A rank-metric
code C' C F"*™ of rate R := % and relative minimum (rank) distance ¢ must satisfy
that R+ d < 1, which is called the Singleton bound. A rank-metric code attaining the
Singleton bound is called a maximum rank distance (MRD) code. Gabidulin codes are an
important class of MRD codes, which can be seen as the linearized version of Reed—Solomon
codes. This analogy allows us to design efficient encoding and unique decoding algorithms
for Gabidulin codes. However, when it comes to the list decoding regime, it is known that
some Gabidulin codes are not list decodable beyond the unique decoding radius [22, 23].
? Zeyu Guo, Chaopir.lg Xing, Chen Yuan, and Zihan Zhang;
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Thus, it is impossible to design a list decoding algorithm for all Gabidulin codes. Moreover,
it was not even clear if any Gabidulin codes were list decodable beyond the unique decoding
radius until very recently. Guo, Xing, Yuan and Zhang [12] recently proved that random
Gabidulin codes are not only list decodable beyond the unique decoding radius but also
attain the optimal generalized Singleton bound (see Lemma 1) with high probability. This
settles an open problem of whether there exist list decodable Gabidulin codes.

However, the construction in [12] requires m, the number of rows of matrices, to be at
least quadratic in n, so the column-to-row ratio > = O(%) tends to zero as n grows. This is
analogous to a result of Brakensiek, Gopi, and Makam on Reed—Solomon codes [4], which
states that any Reed—Solomon code exactly attaining the generalized Singleton bound must
have an exponential field size. Suppose the list decoding radius is slightly off the generalized
Singleton bound (with a gap of €). In that case, Guo and Zhang [13] proved that the field
size of Reed—Solomon codes can be brought down to quadratic which was further brought
down to linear in the follow-up work of Alrabiah, Guruswami, and Li [2].

Thus, this raises an open problem for rank-metric codes, already asked in [12]: Can we
obtain a similar result for Gabidulin codes as well?

» Open Problem 1. Do there exist Gabidulin codes of constant column-to-row ratio that are
list decodable in the rank metric?

In this paper, we provide a positive answer to this open problem. We show that if the
list decoding radius is slightly off the generalized Singleton bound (with a gap of ¢), then a
random Gabidulin code C' C Fj**™ with m = O(%) is list decodable up to this bound with
high probability. Moreover, we complement our positive result by proving an upper bound
m = (%) for any list decodable Gabidulin codes approaching the generalized Singleton
bound with a gap of £. One can find the details in the following subsection.

1.1 Main Results

In this paper, we mainly focus on the rank distance, which is defined to be the rank of the
difference between two matrices A, B € F;**" i.e., d(A, B) := rank(A — B). In what follows,
d(-,-) refers to the rank distance. For p € [0,1], a code C' C ¥™ over an alphabet ¥ is said to

be (p, £)-list decodable if for any y € Fy, it holds that

Hz e C:d(x,y) < pn}| <4,

where d(x, y) denotes the distance between @ and y. Here, p is called the list decoding radius,
and ¢ is called the list size. The stronger notion of (p, £)-average-radius list decodability is
defined in the same way, except that we replace the maximum of the distances d(c;,y) by
the average of these distances. The formal definition is given as follows.

» Definition 2 (Average-radius list decodability). A code C' C X" is (p, £) average-radius list
decodable if for any y € X" and ¢ + 1 distinct codewords cg, ¢1,...,¢c; € C, it holds that

V4
1
Sy, e) > e
£+1Z%(%c)>pn

In [24], Shangguan and Tamo proved the generalized Singleton bound for list decoding,
generalizing the classical Singleton bound for unique decoding. For linear codes, this
generalized Singleton bound states that if C' C Fy is an [n, k]-linear code that is (p, £)-list
decodable in the Hamming metric, then it holds that p < Zfl (1 — %) In [12], they noted
that this generalized Singleton bound also holds for rank-metric codes.
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» Lemma 1 (Generalized Singleton bound for rank-metric codes [12, Lemma 2.1]). Let C' C Fy.,
be an [n, klr, .. -linear code that is (p,£)-list decodable in the rank metric. Then it holds that

<t ({_*k
p_£+1 n)’

They further showed that this bound is tight for rank-metric codes by proving that random
Gabidulin codes attain it with high probability. (This is a nontrivial task; in fact, even
proving that random linear rank-metric codes attain the generalized Singleton bound is far
from obvious.) However, the column-to-row ratio of these codes is quite small, which makes
them less appealing for practical applications.

» Theorem 3 ([12, Lemma 1.3]). Let (aq,...,a,) be uniformly distributed over the set
of all vectors in Fy. whose coordinates are linearly independent over F,. Suppose m >
enkl +log,(1/0), where c is a large enough absolute constant. Then it holds with probability

at least 1 — & that the Gabidulin code Gy, (a1, ..., an)t over Fym is (LL_H (1—-E&/n) ,L) -list
decodable for all L € [{] in the rank metric.

In this paper, we prove that there exist Gabidulin codes with constant column-to-row ratio

Q(e) that are list decodable up to the radius “_Ll(l —k_9).

» Theorem 4. Let € > 0 and n,k be positive integers with k <n. Let m and ¢ be positive
integers such that m > @, where ¢ is a sufficiently large absolute constant. Then with

probability at least 1 — ¢~ %™ > 0, a random Gabidulin code of rate R = k/n and block length

n over Fy.. is (Hil(l - R- s)l) average-radius list decodable.

Complementing this result, we also show that the column-to-row ratio is at most O(e) for
any rank-metric code that is average-radius list decodable up to the generalized Singleton
bound. Thus, our results are essentially tight.

» Theorem 5. Let £ > 2. For any R € [0, 1], any rank-metric code C C Fy.. of rate R that

is (%, Z) -average-radius list decodable must have m = Q) (%)

1.2 Proof Overview

Our proof is inspired by [13]. To explain our proof, we first briefly review the techniques in [13].

In [13], they proposed the notion of a reduced intersection matrix, whose kernel corresponds
to the list of codewords. Let C be an [n, k] linear code and G be its generator matrix, which
is a k x n matrix. Given ¢ + 1 distinct codewords ¢y, ..., 11 with ¢; = ;G = (¢i1, ..., Cin)
that are close to a vector y = (y1,...,Yn), where the coordinates ¢;; and y,; are in the
alphabet F, we define the intersection index set I; := {h € [n] : y, = ¢;p}. For a subset
J C [n], let G (resp. y;) be the submatrix (resp. subvector) of G (resp. y) formed by
the columns (resp. components) with indices in J. Then, we have y;, — ;G;, = 0. If
a € I; NI, then (x; — x;)G, = 0. This means that for each element in I; N I;, we can
establish a linear equation. Since these ¢ + 1 codewords are very close to y, it is expected
that we can obtain many equations of the form (x; — «;)G, = 0. By removing the linear
dependence of these equations, we obtain a reduced intersection matrix R¢,r, such that
(®2 — @1,...,xe41 — 1) R 1,y = 0, where I} is a shorthand for the tuple (I1,...,I,). On

1 See the definition of Gabidulin codes in Definition 13.
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the other hand, if Rg. 1, has full rank, then we cannot find ¢ + 1 distinct codewords that
are close to a vector y and thus C is list decodable. Thus, the essence of their paper is to
investigate the full rankness of R, Iy~

In this paper, we investigate the list decodability of rank-metric codes, where distance
is measured using the rank metric rather than the Hamming metric. Thus, we cannot
construct the reduced intersection matrix R 1, row by row as in [13]. Instead, we present
another construction of a reduced intersection matrix, which captures the property of the
rank distance. Let us first represent the codeword of our rank-metric code as a vector
c € F" where F is the extension field of F,. This is done by fixing an F,-linear isomorphism
F= IF([IF:F“]. The rank distance between two codewords d(ey, ¢z) is the maximum number of
F,-linear independent components in ¢; — c2. One can find the precise definition in Section 2.
Similar to Hamming codes, a linear rank-metric code has a generator matrix G and each
codeword can be encoded as ¢ = G. Given two vectors yi,y2 € F"* with rank distance d,
we can find a (n — d) x n matrix A over F, of full rank such that A(y; —y2)" = 0. The
major difference between the rank metric and the Hamming metric is that for each vector
v that lies in the vector space spanned by the rows in A, we always have v(y; — yg)T = 0.
Thus, we cannot include all v in our equations. Instead, we include A as a whole.

With this observation in mind, we present our new reduced intersection matrix. Assume
distinct codewords ¢y, . .., ¢p+1 with ¢; = x;G are close to a vector y = (y1,...,Yn). Assume
that d(y,«;G) = a; and there exists an a; X n matrix A; of full rank over F, such that
Ai(y —x;,G)T = 0. By replacing y with y — ;G and z; = x; — =, we have Ajy' =0
and A;(y — z;G)" =0. Let V = (V4,..., V1) where Vj is the vector space spanned by the
rows in A;.2 Then, we construct a reduced intersection matrix R,y to represent all these
relations as Rg y(y,®2,...,xe11) = 0 which can be found in (9). If Rg,y has full rank,
which means that we cannot find such £ + 1 distinct codewords, then our rank-metric code is
list decodable. Thus, it suffices to study the rank of R y. If our decoding radius is slightly
off the generalized Singleton bound (with a gap of €), then Rg y is not square. This makes
the full rank condition easier to meet.

We restrict G to a subspace V by defining Gy to be the column space of GA where the
columns of A span V. This can be seen as a generalization of puncturing in the Hamming
metric. By introducing a subspace V', we obtain a submatrix Rg,v of R v by restricting G to
V. Using results from [12], we show that if G is a symbolic Gabidulin code (see Definition 15),
then the submatrix ngv is invertible and has the same rank as Ry when the dimension
of V is not too small, i.e., dim(V) > n — %, where A > 0 is a small parameter depending
on €. This means if each variable of this symbolic Gabidulin code is chosen uniformly at
random, with high probability, Rg.v has full rank. To show that a Gabidulin code is list
decodable, we need to enumerate all possible t-tuples (Vq,...,V;) fort =1,...,£4+ 1 and
take a union bound over all these tuples. Thus, we need to show that Ry is of full rank
with high probability 1 — exp(Q(—n?)) for each V. To do this, we borrow the idea of [13] to
bound the failure probability.

Let us briefly review the idea of our algorithm. Let ey, ..., e, be a standard basis of
Fy. We first fix a non-singular maximal square submatrix W of Rgy. The reason we
need a square submatrix is that it is easy to calculate the determinant of W to bound the
failure probability that W is non-singular. Initially, since G is the generator matrix of a
symbolic Gabidulin code, W is a nonsingular matrix. If W remains non-singular with the

2 In our analysis, we need to consider V};) = (Vi,...,Vs) fort =1,...,£+ 1. Here, we only consider Viet1)
for simplicity.
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assignment X1 = aq,...,X, = a,, we are done. Otherwise, we face the situation where
M is non-singular under the partial assignment X; = oy,..., X;_1 = a;_1 but becomes
singular under X; = a,...,X; = a;. In this case, we call j a faulty indexr and remove the

corresponding columns from the generator matrix G. Then, we come to the submatrix R‘C/:,v
for some subspace V = span{e; : i € [n]/{j}}. Note that we have already shown that R, ,,
has full rank if V' has large dimension. Then, we find a new maximal square submatrix W of
Rg,v and continue the argument. We show that, with high probability, there are not too
many faulty indices, which implies that we can finally find a maximal square submatrix W
that has full rank under the assignment. This means Rg y has full rank, completing the
proof.

Complementing our positive result, we also show that a capacity-achieving list decodable
rank-metric code must satisfy m = Q(n/e). Our proof generalizes the proof in [1] in the
rank-metric case. In particular, we first fix a subspace Vo C Fy.. of dimension b = 4en and
let Vo be a complement of Vj. Then, we construct a collection F of subspaces of dimension
R — ¢ in Vg, where R is the rate of our rank-metric code. For any two subspaces V;, V5 € F,
dim(Vy + Vo) > (R + €)n. We manage to show that F has a large size. Using a probabilistic
argument, we find a codeword M in the rank-metric code C' such that for most subspaces
V € F, there is a corresponding codeword My in C' satisfying the condition that the kernel
of M — My contains V. Since the number of such subspaces is greater than £¢*", by the
pigeonhole principle, we can find ¢ distinct codewords My, ... My, such that the kernel of

2

M — My, also contains Vp. Then, we show that these ¢ + 1 codewords M, My,, ... My,
contained in a ball of small radius in the rank metric. This implies an upper bound on the

list decoding radius, thus completing the proof.

are

» Remark. It is interesting to note that we require only the ideas from [13] to improve the

column-to-row ratio to € (1), without relying on the more refined techniques from [2].

This is likely due to the significantly larger alphabet size of rank-metric codes. While the
techniques in [2] might further improve lower-order factors, such as the dependence on ¢, we
do not pursue this direction here in order to keep the presentation simple.

2 Preliminaries

In this paper, vectors are considered row vectors unless stated otherwise. Define [k] =
{1,...,k}. Let F, be a finite field with ¢ elements and F/F, be a (finite or infinite) extension
of F,.

2.1 Vector Spaces

[y is a vector space of dimension n over F;. We denote by = a row vector in Fj and x’
a column vector. Let e, ..., e, be the standard basis of Fy. Given a matrix A € F**",
we denote by (A) the subspace spanned by the column vectors in A. For a t-tuple Vi =
(Vi,..., V) and J C [t], define V; = (V;);e.

» Definition 6 (Dual space). Let V' C F be a linear subspace. The dual space of V; is
denoted as V+ = {v € F} : va” =0, Va e V}. Itis clear that V* is well-defined, and
dim(V+) = n — dim(V).

2.1.0.1 Linear codes.

Let F be a field. An [n, k]p linear code C (or [n,k]r code for short) is simply a subspace of
F" of dimension k. The dual code of an [n, k]p code C is the [n,n — k] code C* which is

43:5
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the dual space of C.

For an [n, k]p code C, a matrix G € F**" is said to be a generator matriz of C if
C = {uG :u € F¥}, and a matrix H € F=F)X" is said to be a parity-check matriz of C' if
C={velF": Hv" =0}. A generator matrix of C' is also a parity-check matrix of the dual
code C*. Similarly, a parity-check matrix of C' is also a generator matrix of Ct.

» Definition 7 (Dimension of a collection of vector spaces). For a t-tuple Vi = (Vi,...,V})
of subspaces and J C [t], the dimension of V; is defined as

dim(Vy) = Zdim(Vi) — dim <Z Vi> .

icJ =
We need the following simple lemmas, whose proofs are omitted.

» Lemma 2. Let ¢ < n. Let Ty be a £ xn matrix of full rank over F. Then there exist matrices
M, € ™t M, € Frx(v=0  gnd T, € F(n—0Oxn of full rank such that M1y + MsT5 = I,
and T1M2 =0.

» Lemma 3. Let Vi,...,V, CF". Then

¢ + ¢
(ﬂ %) =D Vi (1)

> Lemma 4. Let V be a subspace in Fy and W be a subspace of V.. Then, there exists a

matriz A € ]FZXdim(V) with (A) =V such that there exists a n x dim(W) submatriz B of A
with (B) = W.

» Lemma 5. Llet0 < a< <1 withfp—a< %. Given a subspace Vi C Fy of dimen-
sion an, the number of Vo C Fy with dim(Vy + V2) < fBn and dim(V2) = an is at most
16n2q(B—e)(1+3a—28)n"

Proof. Let W = V3 N V5 and we write Vi1 = W @ Wy and Vo = W @ Ws. Since
dim(V; NV3) = dim(V;) + dim(Va) — dim(V; 4+ Vo) > (2« — B)n,

we conclude that a := dim(W) > (2a—8)n and b := dim(Ws) < (8—«a)n. To construct V3, it
suffices to construct W and W5 separately. The number of subspaces W equals the number of
ways of picking a dim (W )-dimensional subspace from Vi, which is at most 4¢(®*~®%, On the
other hand, the number of W5 equals the number of ways of picking a dim(W5)-dimensional
subspace that Wy N V; = {0}, which is
dim(Wa)—1 . o
q9° —dq n—
[T g < 4™

=0

Thus, for fixed (a, b), the total number of V4 is at most 16¢(@"~ e+ (=0t syhject to a+b = an
and b < (B — a)n. And we have

(an —a)a + (n —b)b =blan —b) + (n —b)b = b((a + 1)n — 2b) < (B — a)(1 + 3a — 28)n?.

The number of possible (a,b) is at most n?. The claim follows by taking the union bound
over all possible (a,b). <
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» Corollary 8. Let 0 < a < 8 < 1. There exists a collection F of an-dimensional subspaces in
Fy of size at least Q(q(a_a2_2(ﬂ_a)_o(1))"2) such that for any V1,Va € F, dim(Vh +Va2) > fn.

1—a)n?

Proof. There are at least ¢ an-dimensional subspaces in Fy. For each such subspace

V, by Lemma 5, we remove at most 16n2q(6_a)(1+3a_2'8)"2 subspaces W in Fy' such that
dim(V + W) < fn. Thus, by a greedy algorithm (i.e., iteratively adding subspaces that have

not been selected or removed to F), we can find F of size at least

1 2 B 2 2 2
a(l—a)n“—(B—a)(1+3a—28)n >0 (a—a®=2(B—a)—o(1))n
The last inequality is due to 1 + 3a — 28 < 1+ a < 2. The proof is completed. <

The size of family F will be used in the lower bound argument in Appendix A.

2.2 Rank-Metric Codes

We first review some basic facts and results about rank-metric codes. The rank distance
d(A, B) between two matrices A, B € F;**" is defined to be the rank of A — B, i.e.,
d(A, B) :=rank(A — B). Indeed, this defines a distance [8]. A rank-metric code C' is a subset
of Fy**™ whose rate and minimum distance are given by

_ log, |C|

R(C) : and d(C):= min d(A,B).

nm A,BeC
A#£B

Without loss of generality, we always assume that m > n, since otherwise we can exchange n
and m. It is convenient to treat an m x n matrix A over Fy as a vector v = (v, ...,v,) € Fpn
by identifying Fy* with F,» (by fixing a basis of Fym) and viewing each column of A as
an element in Fgm. Then, we have rank(A) = dimp, (spaLnIFq{vl7 ..., Un}). In this way, a
rank-metric code C' may be viewed as a subset of Fi.., and we can study linear rank-metric
codes, i.e, codes that are Fym-subspaces.

2.2.0.1 Linear rank-metric codes over a general field F/F,.

It is convenient for us to consider a general notion of linear rank-metric codes C' C F" over
a field F/F, that can even be infinite. To properly define this notion, we first define the
F,-rank and the kernel subspace of a vector v € F”.

» Definition 9 (F,-rank). Let IF be an extension field of F,. For v = (v1,...,v,) € F", define
rankp, (v) := dimg, (spang {v1,..., v }),
called the Fy-rank of v.

» Definition 10 (Kernel subspace). For v = (v1,...,v,) € F", define the F,-kernel subspace
(or simply the kernel subspace) of v to be

kerg, (v) := {u eFy: uv’ :O} = {(ul,...,un) eFy: Zmu O}.
i=1

The following lemma can be seen as an alternative definition of the Fy-rank.

» Lemma 6. ranky, (v) = n — dimg, (kerg, (v)).

43.7
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Proof. Consider the F,-linear map Fy — F sending u € Fy to wv . The image of this map
is span]Fq{vl7 ..., Un}, whose dimension is rankp, (v) by definition. The kernel of this map is
kerg, (v). So rankg, (v) =n — dimy, (kerg, (v)). <

We can now define the notion of a linear rank-metric code over a field F/FF,.

» Definition 11 (Linear rank-metric code). Let F be an extension field of F,. An [n,k|p
(linear) rank-metric code is simply an [n, k]r code C' C F™ equipped with the distance function
d:F" x F" — N defined by d(v,v’) := ranky, (v — v’). The minimum distance of C' is

d(C) := vrf}iélc d(v,v") = OHEQC rankg, (v).
';:;é'u/

Analogous to the classical setting, one can prove the following Singleton bound for linear
rank-metric codes. While this may be well known, we include a proof for completeness.

» Theorem 12 (Singleton bound). Let C be an [n,klp rank-metric code. Then d(C) <

n—k+13

Proof. There exists a nonzero codeword v = (vy,...,v,) € C whose first kK — 1 coordinates
are zero. So d(C) < rankp, (v) = dimg, (spang {v1,...,v,}) = dimg, (spang {vk,...,vn}) <
n—k+1. <

A rank-metric code meeting the Singleton bound is called maximum rank distance (MRD)
code.

» Lemma 7 ([12, Lemma 2.11]). Let C be an [n,k]p code. If C' is MRD, then C* is also
MRD.

» Lemma 8. Let G € F**" be a generator matriz of an [n, k|g code C and H € F("=F)xn pe
a parity-check matriz of code C. Then the following are all equivalent:

1. C is MRD.

2. For any A € ]FZ;Xk of full rank, the matriz GA € F*** also has full rank.

3. For any B € FZX("#“) of full rank, the matriz HB € F"=R)*x("=k) 4lso has full rank.

Proof. For the first two claims, see [12, Lemma 2.10]. Lemma 7 says that H is the generator
matrix of a [n,n — k] MRD code C+. The third claim follows by applying the second one
to the dual code C+. |

2.2.0.2 Gabidulin codes.

The most famous MRD codes are Gabidulin codes, which are defined by using the evaluation
of linearized polynomials. We briefly review the construction of Gabidulin codes [8] and
extend it to a general field F/F,.

» Definition 13 (Gabidulin code over F). Let 0 < k < n be integers. Let F be an extension
field of F such that [F : F,] > n. Let a4, ..., a, € I be linearly independent over F,. Define
the [n, k]r rank-metric code

Gnk(ar,...,an) = {xs = (flon),..., f(an)) : f € F[X]is g-lincarized, deg,(f) < k},

3 We remark that when F = Fym, there exists a Singleton bound, |C| < g™ (=441 " that also applies to
nonlinear rank-metric codes C' C F™ [8]. However, this bound is given in terms of the size of the code,
not the dimension, making it inapplicable when F is infinite.
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where f € F[X] is said to be g-linearized if it only contains monomials whose degrees are
g-powers, and we define deg,(f) = d if deg(f) = qt.

For a nonzero codeword xy = (f(a1),..., f(an)) € Gnr(aa, ..., ay), using the fact that
f is ¢-linearized, we have

kerFq(:cf) = {(ul,...,un) S ]FZ : f (iuiai> = 0}
=1

whose dimension over F, is bounded by k — 1 since ay, ..., a, are linearly independent over
F, and f has at most deg(f) < ¢"! roots. So rankg, (zs) > n —k+ 1 by Lemma 6. This
shows that Gabidulin codes are MRD codes.

The dual code of a Gabidulin code is also a Gabidulin code, which can be seen as an
analogy of a Reed—Solomon code.

» Theorem 14 (Duality of Gabidulin codes). Let F be an extension field of F,, and let
aq,...,0, €T be linearly independent over F,. Then there exists (81,...,0,) € F*\ {0}
such that

n

Mol p =0 for (j.h) € [kK] x [n— k). (2

i=1

The choice of (B1,...,0n) satisfying (2) is unique up to a scalar in Fy\ {0}. Moreover,

Bi,. .., Bn are linearly independent over Fy, and (ﬂ;’iil) is a parity-check matriz
1€[n—k],j€[n]

of Gn.i(0a,...,an), ie.,
Gni(01, . am) = Gnnk(Br,. - Bn)-
A proof can be found in [3, Lemma 2.7.2]. We present this proof for completeness.

Proof of Theorem 14. This holds for any extension field F no matter if IF is finite or infinite.
Let B1,..., B, be the unique solution up to the scalar such that

Zagjgi:o, j=k+1-n,... k—1. (3)
i=1

The uniqueness is due to the fact that (agkij)(iﬁj)e[n]x[n,u is a Moore matrix of rank n — 1
if aq,...,ay are Fy-linearly independent. Then, for j € [k],h € [n — k], we have

h
n n q
J h ji—h
St = (Yot a) o
i=1 i=1
This is due to (3) and the fact that k+1—n<j—h <k-—1. <

» Definition 15 (Symbolic Gabidulin code). Let 0 < k < n. Let F =F (X4,...,X,,), where
Xi,..., X, are transcendental and algebraically independent elements over Fq. A [n, klp
symbolic Gabidulin code is a F-linear code with generator matrix G = (X;Ilil)(i’j)e[k}x[n],

ie.,

Gnk(X1,..., Xn) i={xy = (f(X1),..., [(Xn)) : f€F[X]is g-linearized, deg,(f) < k}.
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2.3 Known Results on the List Decoding of Gabidulin Codes

For G € F**™ over an extension field F/F,, A € ]FZI‘Xd, and V' = (A) C Fy, define Gy C F" to
be the column space of GA. The following results on the list decoding of symbolic Gabidulin
codes can be found (implicitly) in [12].

» Theorem 16 (Implicit in Theorem 1.16, [12]). Let £ > 0 be an integer. Let G, (X1,...,X,)
be a symbolic Gabidulin code with generator matriz G and parity-check matriz H. Let

Vi,..., Vi be subspaces of Fy, each of dimension at most k. Then,
dimp ﬂ Gy, | = PluPQE%EPS—[e Z dimp, m Vi (s— 1)k (4)
i€[4] i€[s] JEP;

where the mazimum is taken over all possible partitions PyUPyU---UPs of [¢]. Let Vi,...,V;
be subspaces of ¥y, each of dimension at most n — k. Then,

i H = -1 .
dimg ﬂ vi | = e u Z dimp, ﬂ V; (s— 1k (5)

1€[€] 1€[s] JEP;

» Lemma 9 (Lemma 6.1, [12]). Let F be an extension field of F, and let G € F**". For
i=1,...,¢, let V; be a subspace of Fy and let A; € FZXdimVi such that V; = (A;). Then,
Gy, = (GA;) and

dim ﬂ Gy, | = Z dim Gy, — rank (G{Ai}iem) ) (6)
i€le] i€l
GA1 GA,
GA1 GAS

where we define the matriz Ga,y, ., =
GAl GAZ
3 Characterization of the List Decodable Property

Let F be the extension field of Fy. Let C be a [n, k]r code with generator matrix G and
parity-check matrix H. Assume ;G € F*,i =1,...,f+ 1 are £ + 1 codewords close to a
vector y € F”, i.e.,

41
Z rankp, (y —x;G) < In(l — R +¢). (7)

=1

By replacing y with y — 1G and x; with ; — x; for ¢ > 1, we may assume x; = 0. Thus,
(7) is equivalent to:

0+1
rank(y) + ZrankF x;G) <In(l—R+e¢), (8)

Let V; = ker(y — x;G) C F; be a vector space and A; € ]FnXdlm(V) such that (A;) = V;.
It follows that rank(A;) = dlm(V) = n —rank(y — x;G) and (y — x;G)A; = 0. Since
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Al(y" =GTzl) =0,

Al 0 0 y'
AQT —~AJGT |- 0 xg
. , . . =0. (9)
AZH 0 e *AZTHGT m2+1
Let the matrix above be denoted as Rg,v,,,, where Vo 1) = (Vi,..., Vit1). Since A; €

]ngdim(vi)’ Rg ., is a (Zf:i dim(V;)) x (¢k + n) matrix.

» Lemma 10. Let p € (0,1), A > 0, and ¢ be a positive integer. Let C be an [n, k|-
linear code over a finite field F, with generator matriz G € F**™. Suppose C is not (p,£)
average-radius list decodable in the rank metric and p < é+1( — (L+N)E). Then, there exist
t€{2,3,...,0+ 1} and Fy-linear subspaces V1, ..., Vy CFy such that

1. ker(Rg,v,,) # 0.

2. dlIn(V[t]) T+t -1k

3. dim(Vy) < (1 + N)(|J] = 1)k for some non-empty set J C [t].

Proof. As C is not (p, ) average-radius list decodable in the rank metric, there exists a vector
y € F" and £+ 1 codewords ¢y, ..., ¢p1 € C such that 3,44 rankr, (y — ¢;) < (€ +1)pn.
Let V; = ker(y — ¢;) and we have ;. (,,;dim(V;) > (¢ + 1)n(1 — p). This implies that

dim(Vjpqq)) = Z dim(V;) — dim( Z Z dim(V;) —n > £(1 + MNk.
1€ [0+1] 1€[0+1] 1€[l+1]

Thus, we can choose a minimal set S C [¢ + 1] of size at least 2 such that dim(Vs) >

(1 + X)(]S| — 1)k. By permuting the codewords ey, ..., co 1, we may assume that S = [¢].

By the definition of dim(V;), dim(V;) = 0 for any subset J of size 1. Then, for any subset
J C [t], Item 3 holds due to the minimality of S. It remains to show that Item 1 holds. To
see this, we first notice that ¢; = ;G for some x; € Fl,.. Let A; € ]FZXdim(Vi) such that
(A;) = V. Since V; = ker(y — ¢;), we have (y —¢;)A; = (y —x;,G)A; =0. Let ¢y =y — x1G
and @] = @; —x; for i =2,...,0+1. Then (y',),...,x})" € ker(Rg,y,,). This completes
the proof. <

» Definition 17 (Reduced Matrix). Let Viy = (V1,...,V;), where each V; is a linear subspace

of Fy. Let V' C F be a linear subspace and Vz = V; NV be the intersection of V; and V.

The reduced matrix RY, ,, is defined as

AT 0 . 0
AT | “AjeT || o

Ry, = : : : ' (10)
Al 0 | —ATGT

where A; € IF:;Xdim(Vi) of full rank with (4;) = V;. If V; = spang,_{e; : i € J} for some
J C [n], we shorthand Réym = RZ{VM if no ambiguity occurs.

Let A C F"Xdim(v) with (A) = V. Since the column vectors in A; lie in V = (A), we may

write A = AT, where T; € ]Fdlm(V)xdlm(V)
the following results.

of full rank. Using the above notation, we have
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» Lemma 11. Let Gy = GA and U; = (T3) fori=1,...,t. Let Uy = (Uy,...,Uy). Assume
ker(Re, u,,) = 0, i.e., there is no nonzero solution to

" 0 0 y'
)| -T,SG] | - 0 xg

. ) =0 (11)
T o || —TTGT x]

Then ker(ngm) =0.

Proof. Assume that there exists a solution (y,x2,...,x:) € ker(ngv[t]). Let y' = yA.

T

Then, (y',x2,...,2;) is a solution to (11) by observing

AfGT =(AT)TGT =T"ATGT =T, (GA)T =T GT. <

4 Connection to the Parity-Check Matrix

» Definition 18. Let I be the extension field of F,. Let H be the parity-check matrix
of a [n,k]p code C. Let Vi = (V1,...,V;) be a tuple of subspaces of Fy. Assume that

D; € T guch that (D;) = V; for i € [t]. Define the following matrix

HD, | HD, 0 e 0
HD; 0 HDs | --- 0

Mp v, = : : : : (12)
HDy | 0 0 |- | HD,

Since each D; is an n x dim(V;) matrix over Fy, Mp v, isa (t —1)(n — k) x S dim(V;)
matrix over F,.

The following theorem connects the matrices My v and Rg,y, . See Appendix B for its
’ t

proof.

» Theorem 19. Let F be an extension field of F,. Let G and H be the generator and
parity-check matriz of a [n,klp MRD code C, respectively. Let Vi = (Vi,...,V;) and
V[tL] = (Vit,..., V). Then, there is an injective F-linear map ¢ : ker(Rg v, ) — ker(MH7V¢]).

We note that the matrix Ry, is not a square matrix as (t —1)k+n < 3,1 dim(V;).
This means that if R¢ v, has full rank, there exists a reduced submatrix Rg,vm of Ra v,
that has the same rank as R¢,y,,. The following theorem proves this claim provided that
the dimension of V' is not too small. See Appendix C for its proof.

» Theorem 20. Let F = F,(X1,...,X,,) where Xi,..., X, are transcendental and alge-

braically independent elements over Fy. Let G = (X;Ilil)(ivj)e[k]x[n] be the generator matriz
of a [n, kg symbolic Gabidulin code. Let X >0 andt > 1. Assume that Vi = (V1,...,V})
satisfies that dim(Vy)) > (14 A)(t — 1)k and dim(V;) < (|J]| — 1)(1 + Ak for all nonempty

J Ct]. Let V. CFy be a linear space with dim(V') > n — Ak Then, ker(Rgvv[t]) =0.
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5 Random Assignment to Achieve the Capacity

5.1 Random Puncturing

Let {e1,...,e,} be the standard basis of F}. Theorem 20 states that for any subspace
V C Fy of dimension at least n — %7 and V) = (V1,..., Vi) satisfying Item 2 and
Item 3, we have ker(ngv[t]) = 0. In this section, we focus on the subspace of the form
W = spang_{e; : i € J} for some subset J C [n]. Recall that we shorthand Rg‘{, as Rg;,v.
By focusing on the subset J C [n], we are able to mimic the technique in [13] to bound
the probability that Ré’vm is not of full rank when selecting the value of X; uniformly at

random. The connection between Ré,vm and Rg,y,, can be found in the following lemma.

» Lemma 12. Let Vi = (V1,..., V) € (Fg)t and V CFp. Then, there exist A; and A; in
(9) and (10) such that Rg,V[t] is a submatriz of Ra,v,, -

Proof. From Lemma 4, we can find 4; € Fy*9™4) and its submatrix A; € Fy*™Y) such

that (A;) = V;, (A;) = V;. This implies that (A],0,...,0,—ATGT,0,...,0) is a submatrix of
(Al,0,...,0,—ATGT,0,...,0). In view of the expression of jov[t] and Rg v, we conclude
that Rg’vm is a submatrix of Rg,y,- |

Next, we define the faulty index which was first proposed in [13].

» Definition 21 (Faulty index). Assume r > /. Let A € F (X1,..., X,)"*¢ be a matrix such
that rank(A) = ¢ and the entries of A are in Fy[Xy,...,X,]. For aq,...,a, € Fgm, we say
i € [n] is the faulty index of A (with respect to aq,..., o) if Alx,=a4,....X;, 1=a;_, has full
(column) rank but A|x,=a,.... x;=a; does not.

Algorithm 1 Output faulty indices

Input: V= (14,..., ;) C (FZ)"‘, aq,...,0p € Fgm, and positive integer r
Output: “Success” or (i1,...,4,) € [n]"
Let G = (qul 1)(i,<7‘)€[k]><[n] and J = [n].
for j =1tor,do
if rank(RY, ) < (t — 1)k 4+ n then
Output “Fail” and halt.
else if i € [n] is the faulty index of Rév then
ij=1and J = J\ {i}.
else
Output “Success” and halt.
end if
end for
Output (i1, ...,%:).

» Lemma 13. Let A > 0 and let t > 1 be an integer. Let Vi = (Vh,..., Vi) C (IFZ;)t such that
dim(Vy) > (1 + A)(t — 1)k and dim(Vy) < (14 X)(|J]| = 1)k for all nonempty J C [t]. Let r

be a positive integer with r < % + 1. Then, for all oy, ..., an € Fgm, running Algorithm 1
on the input Vi), a1,...,Qn, and 1 yields the following two possible scenarios:

1. Algorithm 1 outputs “Success” In this case, RG,VM |X1=a1,...,Xn=a, has full rank.
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2. Algorithm 1 outputs an r-tuple (i,...,i,) € ([Z}). In this case, for each j € [r], i; is the
faulty index of Rg’;v[t] for S; = [n)\ {i1,...,1;-1}.

Proof. Assume the algorithm reaches the j-th round of the loop. At the beginning, we have
[J]>n—j+12>2n—-r+12> n—%. Then by Lemma 11 and the fact that G is the
generator matrix of a symbolic Gabidulin code, Ré’v has full rank and thus the algorithm
never outputs “Fail”. Suppose that the algorithm outputs “Success” and halts in the j-th
round. This means that the faulty index of Rg;,v does not exist in this round. This implies

that Re,v|x,=a4,....X,=a, has full rank. It remains to consider the case where the algorithm

outputs a r-tuple (i1,...,4,). For j € [r], the index i; is chosen to be the faulty index of
Réj,v’ where S; = [n] \ {i1,...,4;-1}. The distinctness of 41, ...,4, is due to the fact that if
i ¢ S, then Rg‘{v does not contain X;. |
» Lemma 14. Suppose m > n and (a1, ...,a,) are chosen uniformly at random in Fym.
Then, for any r-tuple (i1,...,i,) € ([f]) and (Vq,...,V;) € (Fg)t, the probability that
Algorithm 1 outputs (i1,...,4.) given the input (Vi,...,V4), a1,...,a, and 1 is at most

< (t—Dkg* " )T
o .

Proof. For j € [r], define the following:

1. S;:=[n]\ {i1,....5-1}

2. Let M; be the smallest nonsingular maximal minor of Rg’ v in the lexicographic order.
The same argument in Lemma 13 implies that for j € [r], Rgf 1 has full rank and hence
M; exists.

3. Let E; be the event that det(Mj|X1:a17~~~,Xij—1:aij—1) # but det(Mj|X1:a1,,,,,Xij:ai
ZETO.

j)lS

Note that if (i, ...,1,) is output by the algorithm, then Ey,..., E,. occurs. So it suffices to
prove that Pr[E; A--- A E,.] < (%)T.

Let (j1,j2,- -, Jr) be a permutation of (1,2,...,r) such that i;, <--- <i; , ie., ij, is the
(-th smallest index among i, ..., 4, for £ € [r]. For ¢ € {0,1,...,r}, define Fy := E;, A---AEj,,
where we let I be the event that always occurs. Then F, = E; A---ANE; =E A---ANE,.

If Pr[F,] = 0 then we are done. So assume Pr[F,] > 0. By definition, if Fy occurs and ¢’ < ¢,
then Fy also occurs. So Pr[Fy] > 0 for all £ € {0,1,...,r}. Note

" Pr[F,
Pr[E1A---AE,] =Pr[F,] = EWLA]'
=1 £—1

L k—1
So it suffices to prove that P‘;’&Lff]ﬂ < (t—1371;q for £ € [r].

Fix £ € [r] and let j = j,. Let T be the set of all = (f1,...,0i,-1) € F; " such that
Pr [(a<¢j = B) A Fg,l] > 0, where a;; = 3 is a shorthand for (a1 = B1) A~ A (o, -1 =
Bi;—1). Note that for § € T, the event (a<i]. :ﬁ) A Fy_y is simply a;; = [ since
Fy_y=FE; N---NEj,_, depends only on ay,..., 0y and is bound to happen conditioned
on ac;, = . We then have

Je—1

Pr(F) _ YpesPrllacy, =B)AF] _ ¥pesPr(acy = B) A Ej]
Pr[Fy_4] Zﬁes Pr [(04<ij = 6) A Fg_d Z,BGS Pr [04<ij = B]
_ Prl{asy, ~ 8 AE)
~ Bes Pr [a<i]. = ﬁ]

= Iélgé( Pr [EJ ‘ OZ<ij = ﬂ] .
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: _ e _ (t=1)kg" "
Fix 8 = (81,...,Bi;,-1) € T. We just need to prove that Pr [Ej | aci; = ﬁ] <
Let

Q = det(Mj|X1:ﬂ17~~~aXij—1:ﬁij—1) € ]Fq [Xij yoe 7Xn]'

If @ = 0, then Ej; never occurs conditioned on a;; = 8 and we are done. So assume
Q # 0. View Q as a polynomial in X, 11,..., X, over the ring F,[X; ], and let Qo € Fy[X;)]
be the coefficient of a nonzero term of Q. Then conditioned on a<;; = 3, the event Ej
occurs only if a;; is a root of Qo # 0. Note that degQo < degXij Q< degxij (det(M;)),

which is bounded by (t — 1)kg*~! from the expression of jo v+ Also note that conditioned

on a<;; = 3, the random variable «;; is uniformly distributed over F;". It follows that
k—1

t—1)k
Pr[Ej | ag, = f] < ke <

» Corollary 22. Under the notations and conditions in Lemma 14, suppose m > n and
(a1,...,ap) is chosen uniformly at random, then

Pr[ker(RG7V|X1:a1,_“7Xn:an) 7& 0] < ((t — l)k’nqkm> .

Proof. Take a union bound over sequences (iy,...,i.) € ([:f]), by Lemma 14, the probability
that Algorithm 1 outputs a faulty sequence on the input Vi,...,V; and aq, ..., a, is at most
n"x ((t—1)kqg®=™)". If this doesn’t happen, by Lemma 13, ker(Rg v|x,=ay.... X, =a, ) # 0. <

5.2 Application to List Decoding

We are ready to prove our main results.

» Theorem 23. Let ¢ € (0,1),¢ > 1 and n,k,m,{ be positive integers with k < n and
m > @. Then with probability at least 1 — ¢~*™) | a randomly punctured Gabidulin

code C' C Fym with rate R := s (Hil(l — R —¢),{) average-radius list decodable.

Proof. Let A= § = & By Lemma 10, if C with generator matrix G is not (Hil(l—R—e), 0)
average-radius list decodable in the rank metric, then, there exist ¢t € {2,3,...,¢+ 1} and
Fg-linear subspaces V1,...,V; C Fy such that

1. ker(Rg,y,,) # 0.

2. dim(Vy) > (1+A)(t - 1)k

3. dim(Vy) < (1 + A)(]J] — 1)k for some non-empty set J C [t].

Choose ay,...,a, € Fyn uniformly at random. The probability that «a1,...,a, are Fg-
linearly dependent is at most ng(®~"™) = ¢~ Let G = (a?l_l)(m)e[k]x[n]. To prove this
theorem,it suffices to show that Items 1-3 simultaneously hold with probability at most
g O We fix t € {2,3,..., £+ 1} and Vi,...,V; C I} satisfying Ttem 2 and Item 3.

— | Ak Ak en _ —
Let r = |5 +1] > #F = 4. Observe that Rg ), = Royylxi=a....X,=a, Where
i—1

G = (X;‘ )(i.)e[k]x[n]- By Corollary 22, the probability that ker(Réyvm) # 0 holds is at
most (Ckng®~™)" < (Ckng"~™)%", where we use the fact that 7 > <. The number of ¢-tuples
V}4), where t ranges over {2,...,£+ 1}, is bounded by Zf:;(qnz

)t < 2¢+Y7* . By the union
bound, the probability that Items 1-3 hold for some ¢ € {2,...,£+ 1} and Vi,...,V; CFy is
at most 2¢HD" x (Lkngh—™)F + ng ™ = 2(kngh Tl /emmyen/l 4 g=Qn) = (=Qn) ag
m2%forsomec>l. <
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A Field Size Lower Bound for Capacity-Achieving Rank-Metric Codes

We prove a lower bound on the field size of capacity achieving rank-metric codes by adapting
the argument in [1]. We first prove a lower bound for rank-metric codes with large distance
in Theorem 24. Then, we remove this distance requirement in Corollary 25.

» Theorem 24. Let { > 2. For any r € [0,1], any rank-metric code C C Fy of rate R and

{(1—R—¢)

T ,E) -avearge-radius list decodable

minimum distance at least (1 — R—¢e)n+1 that is (
must have m = Q(£2).

Proof. Fix a subspace Vy C Fy of dimension b := 4en. Choose a subspace Vo such that
Vo Vo=Fy. Let a = R—ecand 8 =R+e. Let F be the collection of subspaces V' C V
of dimension an such that for any pair of vector spaces Vi, Vs € Fi, dim(Vq + V) > fn.
By Corollary 8, the size of F can be at least qﬂ(("_o‘Q_‘lE_o(l))
€g"™ > | F|/2, as this would imply m = Q(£2).

Assume to the contrary that g"™ < |F|/2. Let M be uniformly distributed from C. For
a fixed subspace V € F, let A € F;**" such that (A) = V. Let Ey be the event that there
exists a codeword M; € C different from M such that MA = My A, i.e., (M — M;)A = 0.
If By does not hold, then M is uniquely determined by M A € Fy***". As the number of

n*) Tt suffices to prove that

possible values of M A is at most ¢®"™ and |C| = ¢®™", we have
q(l"’nn R
Pr[ﬁEV] < o — g—cBRmn_

Therefore, over random M € C| the expected number of V' € F such that Ey happens is
> ver(l =Pr[=Ey]) > |F|/2. Then, we can fix a codeword M € C such that the size of the
set

Fu :={V € F: Ey happens}

is at least |F|/2.

Let Ap € IFZXZ’ such that (Ag) = V. By the definition of Fys, for each V' € Fy;, there
exists a codeword My # M such that the kernel subspace of M — My contains V. Since
My Ay € IF;”XZ’ for any codeword My and £¢"™ < |F|/2 < |Fasl, by the pigeonhole principle,
there exists distinct Vi,...,V; € Fu such that My, Ag = --- = My,Ay. Moreover, by
the definition of Fys, for i = 1,..., ¢, there exists A; € Fyp**" with (A;) = V; such that
(M — My,)A; = 0.

Assume My, = My, for some i # j. Then (M — My,)A; =0 and (M — My,)A; = 0. Let
Ae FZXdim(VﬁVj) such that (A) = V;+V;. As the columns of A are in V;+V; = (4;) + (4,),
we have (M — My,)A = 0, i.e.,, V; +Vj is contained in the kernel subspace of M — My,.
Since M and My, are in code C of minimum distance at least (1 — R —e)n + 1, we have
rank(M — My,) > (1 — R —e)n + 1. This implies that the kernel subspace of M — My,
is at most (R+¢)n — 1. So dim(V; +V;) < (R+¢)n — 1. However, as V;,V; € F and
thus dim(V; 4+ V;) > fn = (R + €)n, which yields a contradiction. Thus, we conclude that
My, , ..., My, are all distinct.

Since Vo NV = {0}, there exists By € ng(nfb) such that (By) = Vo and (49 By) €
Fp*™ has full rank. Let Y € F;**™ such that (My, —Y)Ag = --- = (My, — Y)Ap = 0 and
(M —Y)By = 0. This can be achieved by choosing Y = (le Ap MBO) (AO BO)_I.

For i € [¢], we have (M — Y)A; = 0 since (4;) = V;, V; C Vg, Vo = (By), and
(M —Y)By =0. And for i € [¢], we know (M — My,)A; = 0, which implies
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Since Vo N (Vi) C VoNVqy = {0} for i € [¢], we have dim(Vp + V;) = dim Vo +dim V; = b+ an
and hence

rank(My, —Y) <n—(b+an) < (1 - R - 3e)n,

as b=4en. As (M —Y)By = 0, we have rank(M —Y) < n — dim(Vy) = b = 4en. It follows
that

4
rank(M —Y) + > _rank(My, —Y) <4en+ (1 - R—3e) < (1 — R —¢)n.
=1

{(1—R—¢) Y,

as £ > 2. This contradicts the claim that C is ( s

)—avearge—radius list decodable. <

We now show how to remove the minimum distance requirement in Theorem 24.

» Corollary 25. Let £ > 2. For any r € [0, 1], any rank-metric code C C Fy.. of rate R that

is (%71%1_5), 6) -avearge-radius list decodable must have m = Q(£2).

Proof. Compared to Theorem 24, this statement only remove the minimum distance require-
ment. Thus, if we find a subcode of C' with minimum distance (1 — R — ¢) and the same rate
R, then we can apply the argument in Theorem 24 directly to obtain the desired result. To
achieve this goal, we prove the claim that for any M € C| there are at most £ — 1 codewords
T1,...,Ty—1 in C that is within minimum distance at most (1 — R — )n from M;. Assume
not and we find 77, ..., T, such that rank(M —T;) < (1 — R —e)n. Let M be the center and

we claim that ,

rank(M — M) + Zrank(M —T,)<{(1—-R-¢).
i=1
Thus, C is not (4(124_71%176), £) -avearge-radius list decodable code and a contradiction happens.
Therefore, we can find a subcode C; C C of size at least % such that the minimum distance
of (1 is at least (1 — R — e)n. We can apply the same argument in Theorem 24 to obtain
the desired result. |

B Proof of Theorem 19

Proof. For i € [t], let A; C Fp*dmVi such that (A;) = V;. By Lemma 2, there exist
full-rank matrices B; € Fp<™Vi) o e Frdm) and Dy e T guch that
CiA] + D;B; = I,, and (D;) = V. Define the linear map ¢ such that it sends a row vector

V= (ya T, - 7mt) € ker(RG,V[t]) to

Oy, @2, 1) = (— yB1. (y — 2C)Bas ..., (y th>Bt).

Since B; is an n x (n — dim(V;)) matrix over F,, ¢(v) is a vector of length 3°'_, (n — dim(V;))
which is exactly the number of columns of M HYV - Next, we show that ¢(v) belongs to

ker(MH,V[h). To see this, we observe that Hy' = H(y — x:G)" = --- = H(y — z;:G) .

Also,

Al 0
HyT =H (Cl Dl) (Bll—) yT =H (Cl Dl) (BT T) = HDlB;r’yT
1 1Y
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and

H(y—:G)T = H(C;, D) (;Q) (y-:G) = H(C; D) (B;(y ’ wi(;y)

= HD,;B] (y — x;G)".

This implies that HD1B{y" = HD; B (y — x;G)" for i = 2,...,t, and thus ¢(v) belongs
to ker(MHyh).
It remains to show that ¢ is an injection. It suffices to show that ¢(v) = 0 implies

il
v=0as ¢ is a linear map. Asy' = (C; D) (Alr) y' =(C1 Dy) ( TO T), we know
B, By
AT
that yB; = 0 implies y = 0. Similarly, as (y — x;G)" = (C; D;) (BZT) (y — ;)T =

0 . .
(Ci Dl-) (B;r( —wiG)T>’ we know that (y — x;G)B; = 0 implies y — ;G = 0 for

i=2,...,t. So ¢(v) = 0 implies v = 0. |

C Proof of Theorem 20

’

Proof. Let n’ = dim(V). Let A C IFZ;X"/ such that (A) = V. Let Uy = (Uy,...,U;) € (F) )
be given in Lemma 11 and we have dim(U;) = dim(V; N'V'). Note that

dim(@Uy) = S dim(Us)—dim(3 " U) > dim(Vy)— (n—dim(V))(t—1) > (1+) (= 1)— Mk
ielt] =1
(13)

and
dim(Uy) < dim(Vy) < 1+ X)(|J| - 1)k (14)

for any nonempty set J C [t].
By Lemma 11, to prove ker(Rgvv[t]) = 0, it suffices to show that ker(Rg, 1)) = 0 for

G1=GA. Here GA = (Z;-fil)[k]x (] is also a generator matrix of a symbolic Gabidulin code
C by letting (Z1,..., Zw) = (X1,..., X,)A. Moreover, by replacing F? with V' := 3";_, U;
and identifying view U; as a subspace of V', we may assume 22:1 U, = ]FZ‘/.

It follows from (13) and (14) that dim(U;) > dim(Ujy) — dim(Ujy/443) = k. So dim(U;-) <
n’ — k. Let H; be the parity-check matrix of C, i.e., G H,' = 0. Define Z/{[j] = (UL, ..., Uh).
Then, by Definition 18, we have

H\D, | HiD, 0 0
HD,| o |HDs|---] 0
Muags =1 o | | ] (15)
HiD; 0 0 -+ | HiDy
where D; C Fy XAmUE) i (D;) = U+. By Theorem 16, we have
t
di H\D; di Ur) = (s=1)(n' — k) ). 16
1m(g< 1Di)) = i (Z im JQ) (s —1)(n' )) (16)



596

597

598

599

600

601

602

603

604

605

606

607

608

609

610

611

612

613

614

615

616

617

618

619

620

621

622

623

624

625

Z. Guo, C. Xing, C. Yuan, and Z. Zhang

We proceed to compute the RHS of (16). For s = 1 and Py = [t], as >,y Ui = FZI, we
conclude

N2 ot =o. ()
JE[t] i€(t]
For s > 2 and nonempty sets Py, ..., Py that forms a partition of [t], we have

Zdlm ﬂ U;) @ Z (n’—dim(z U]-L)) = sn +Zdlm (Up,) Z Zdlm

JjEP; i=1 jGP' =1 jEP;
(14)
< sn’+(A+1)Z(|P|—1 Yk — Zdlm ) =sn' + (A + Dk(t — s) — dim(Ujy) —
=1
(13)

< s+ A+ Dk(t—8)— 1+ Nt —Dk+ e —n' < (s—1)(n" —k).
(18)

Combining (16), (17), and (18), we conclude that ﬂ$:1<HlDi> = 0. Now, by Lemma 9, this
implies

t t t

rank (M VL Zdlm ((HD;) dim(ﬂ(HlDZ)) = Zdim((HD Zrank
i=1 i=1 i=1
The last equality holds since by Lemma 8, the rank of HD; equals rank(D;), as D; C
’ s 1
Fy *dmUS) s of full rank and dim(U;it) = n’ — dim(U;) < n’ — k. Since the number
of columns in M HYE is 22:1 rank(D;) which is equal to its rank, the only solution in
ker(MHyvﬁ]) is 0. The proof is completed. <
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